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ATOMIC DECOMPOSITION FOR BERGMAN SPACES WITH EXPONENTIAL TYPE
WEIGHTS
HICHAM ARROUSSI AND JORDI PAU
ABSTRACT. We show that any function in a Bergman space with exponential type weights admits a
representation in terms of an infinite series of kernel functions.
1. INTRODUCTION
The fact that any function in a weighted Bergman space with standard weights can be decomposed
into a series of very nice functions (called atoms) was obtained by Coifman and Rochberg [3]. This
atomic decomposition, whose proof can also be found in the monographs [17, 18], has become a pow-
erful tool in the study of the properties of weighted Bergman spaces having found many applications.
In this paper we are going to obtain an atomic decomposition for Bergman spaces with exponential
type weights, using reproducing kernels as building blocks.
Let D denote the open unit disk in the complex plane C, dA(z) = dxdyπ be the normalized area
measure on D, and let H(D) denote the space of all analytic functions on D. A weight is a positive
function ω ∈ L1(D, dA).
For 0 < p < ∞, the weighted Bergman space Ap(ω) is the space of all functions f ∈ H(D) such
that
‖f‖Ap(ω) =
(∫
D
|f(z)|p ω(z) dA(z)
) 1
p
<∞.
We are going to obtain the representation mentioned for a certain class of weights including the expo-
nential type weights
(1.1) ωα(z) = exp
(
−c
(1− |z|2)α
)
, α > 0, c > 0.
For the weights ω considered in this paper, for each z ∈ D the point evaluations Lz are bounded linear
functionals on Ap(ω). In particular, the space A2(ω) is a reproducing kernel Hilbert space: for each
z ∈ D, there are functions Kz ∈ A2(ω) with ‖Lz‖ = ‖Kz‖A2(ω) such that Lzf = f(z) = 〈f,Kz〉ω,
where
〈f, g〉ω =
∫
D
f(z) g(z)ω(z) dA(z)
is the natural inner product in L2(D, ωdA). The function Kz has the property that Kz(ξ) = Kξ(z),
and is called the reproducing kernel for the Bergman space A2(ω). Some basic properties of the
Bergman spaces with exponential type weights are not yet well understood and have attracted some
attention in recent years [4, 6, 7, 9, 13]. Sometimes, the usual techniques used in the setting of
standard Bergman spaces fail to work in this context, and therefore new tools must be developed.
Another difficulty when studying these spaces arises from the lack of an explicit expression of the
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reproducing kernels. It turns out that when studying properties where the reproducing kernels are
involved, the most convenient setting are the spaces Ap(ωp/2) (or the weighted Lebesgue spaces
Lp(ωp/2) := Lp(D, ωp/2dA)), and is in these spaces where we obtain the corresponding atomic
decomposition. We use the notation kp,z for the normalized reproducing kernels in Ap(ωp/2), that is
kp,z =
Kz
‖Kz‖Ap(ωp/2)
.
Theorem 1.1. Let ω ∈ E and 1 < p < ∞. Assume that A2(ω) is dense in A1(ω1/2). There exists a
sequence {zn} ⊂ D such that:
(i) For any λ = {λn} ∈ ℓp, the function
f(z) =
∑
n
λn kp,zn(z)
is in Ap(ωp/2) with ‖f‖Ap(ωp/2) ≤ C‖λ‖ℓp .
(ii) For every f ∈ Ap(ωp/2) exists λ = {λn} ∈ ℓp such that
f(z) =
∑
n
λn kp,zn(z)
and ‖λ‖ℓp ≤ C ‖f‖Ap(ωp/2).
Once the right machinery is developed, the proof of the case p > 1 can be obtained by “standard”
methods using duality, but the corresponding result for the case 0 < p ≤ 1 is much more involved.
For the case 0 < p ≤ 1, we use the reproducing kernels K∗z of a companion weighted Bergman space
A2(ω∗) (see Section 2.2 for the definition).
Theorem 1.2. Let ω ∈ E and 0 < p ≤ 1. There exists a sequence {zn} ⊂ D such that:
(i) For any λ = {λn} ∈ ℓp, the function
f(z) =
∑
n
λn ω(zn)
1/2 τ(zn)
2(1−p)
p K∗zn(z)
is in Ap(ωp/2) with ‖f‖Ap(ωp/2) ≤ C‖λ‖ℓp .
(ii) For every f ∈ Ap(ωp/2) exists λ = {λn} ∈ ℓp such that
f(z) =
∑
n
λn ω(zn)
1/2 τ(zn)
2(1−p)
p K∗zn(z)
and ‖λ‖ℓp ≤ C ‖f‖Ap(ωp/2).
Here K∗z denotes the reproducing kernel of A2(ω∗) with ω∗(z) = ω(z) τ(z)
4(1−p)
p
.
Throughout this work, the letter C will denote an absolute constant whose value may change at
different occurrences. We also use the notation a . b to indicate that there is a constant C > 0 with
a ≤ Cb, and the notation a ≍ b means that a . b and b . a.
2. BASIC PROPERTIES
In this section we provide the basic tools for the proofs of the main results of the paper.
A positive function τ on D is said to belong to the class L if satisfies the following two properties:
(A) There is a constant c1 such that τ(z) ≤ c1 (1− |z|) for all z ∈ D;
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(B) There is a constant c2 such that |τ(z) − τ(ζ)| ≤ c2 |z − ζ| for all z, ζ ∈ D.
We also use the notation
mτ :=
min(1, c−11 , c
−1
2 )
4
,
where c1 and c2 are the constants appearing in the previous definition. For a ∈ D and δ > 0, we use
the notation D(δτ(a)) for the euclidian disc centered at a and radius δτ(a). It is easy to see from
conditions (A) and (B) (see [12, Lemma 2.1]) that if τ ∈ L and z ∈ D(δτ(a)), then
(2.1) 1
2
τ(a) ≤ τ(z) ≤ 2 τ(a),
for sufficiently small δ > 0, that is, for δ ∈ (0,mτ ). This fact will be used several times in this work.
Definition 2.1. We say that a weight ω is in the class L∗ if it is of the form ω = e−2ϕ, where
ϕ ∈ C2(D) with ∆ϕ > 0, and
(
∆ϕ(z)
)−1/2
≍ τ(z), with τ(z) being a function in the class L. Here
∆ denotes the classical Laplace operator.
The following result is from [12, Lemma 2.2] and gives the boundedness of the point evaluation
functionals on Ap(ωβ).
Lemma A. Let ω ∈ L∗, 0 < p <∞, and let z ∈ D. If β ∈ R there exists M ≥ 1 such that
|f(z)|pω(z)β ≤
M
δ2τ(z)2
∫
D(δτ(z))
|f(ξ)|pω(ξ)β dA(ξ),
for all f ∈ H(D) and all δ > 0 sufficiently small.
It can be seen from the proof given in [12] that one only needs f to be holomorphic in a neighbour-
hood of D(δτ(z)) Another consequence of the above result is that the Bergman space Ap(ωβ) is a
Banach space when 1 ≤ p <∞ and a complete metric space when 0 < p < 1. We also need a result
similar to Lemma A with the gradient.
Lemma 2.1. Let ω ∈ L∗ and 0 < p < ∞. For any δ0 > 0 sufficiently small there exists a constant
C(δ0) > 0 such that∣∣∣∇(|f |ω1/2)(z)∣∣∣ ≤ C(δ0)
τ(z)1+
2
p
(∫
D(δ0τ(z)/2)
|f(ξ)|p ω(ξ)p/2dA(ξ)
) 1
p
,
for all f ∈ H(D).
Proof. We follow the method used in [11]. Without loss of generality we can assume z = 0.
Then, applying the Riesz’s decomposition (see for example [14]) of the subharmonic function ϕ in
D(0, δ02 τ(0)), we obtain
(2.2) ϕ(ξ) = u(ξ) +
∫
D( r
2
)
G(ξ, η)∆ϕ(η)dA(η),
where r = δ0τ(0), u is the least harmonic majorant of ϕ in D(0, r2) and G is the Green function
defined for every ξ, η ∈ D(0, r), ξ 6= η by
G(ξ, η) := log
∣∣∣∣r(ξ − η)r2 − η¯ξ
∣∣∣∣
2
.
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For ξ, η ∈ D(0, r2 ) we have
∣∣∂G
∂ξ (ξ, η)
∣∣ ≤ 43|ξ−η| . Then∣∣∣∣∂ϕ(0)∂ξ − ∂u(0)∂ξ
∣∣∣∣ ≤
∫
D( r
2
)
∣∣∣∣∂G∂ξ (0, η)
∣∣∣∣∆ϕ(η)dA(η) . 1τ(0)2
∫
D( r
2
)
dA(η)
|η|
=
δ0
τ(0)
.(2.3)
We pick a function h ∈ H(D) such that Re(h) = u. Since h′(0) = 2∂u∂ξ (0), we get∣∣∣∣∇(|f |e−ϕ)(0)
∣∣∣∣ = 12
∣∣∣∣f ′(0)− 2f(0)∂ϕ∂ξ (0)
∣∣∣∣e−ϕ(0)
≤
1
2
∣∣∣∣f ′(0)− 2f(0)∂u∂ξ (0)
∣∣∣∣e−ϕ(0) +
∣∣∣∣∂u∂ξ (0)− ∂ϕ∂ξ (0)
∣∣∣∣|f(0)|e−ϕ(0)
.
∣∣∣∣∂(fe−h)(0)∂ξ
∣∣∣∣eu(0)−ϕ(0) +
∣∣∣∣∂u∂ξ (0)− ∂ϕ∂ξ (0)
∣∣∣∣|f(0)|e−ϕ(0).
By (2.3) we have ∣∣∣∣∂u∂ξ (0) − ∂ϕ∂ξ (0)
∣∣∣∣|f(0)|e−ϕ(0) . δ0τ(0) |f(0)| e−ϕ(0).
This gives
(2.4)
∣∣∣∣∇(|f |e−ϕ)(0)
∣∣∣∣ .
∣∣∣∣∂(fe−h)(0)∂ξ
∣∣∣∣eu(0)−ϕ(0) + |f(0)|τ(0) e−ϕ(0).
By Lemma A we have
|f(0)|
τ(0)
e−ϕ(0) .
1
τ(0)1+
2
p
(∫
D(δ0τ(0)/2)
|f(z)|pe−pϕ(z)dA(z)
) 1
p
.(2.5)
To manage the other term appearing in (2.4), notice that if we use the identity (2.2) with the function
φ(ξ) = |ξ|2 − (r/2)2 (since ∆φ(ξ) = 4 and its least harmonic majorant is uφ = 0), we obtain∫
D( r
2
)
G(ξ, η) dA(η) =
1
4
(
|ξ|2 − (r/2)2
)
.
Therefore, since ∆ϕ(η) = 1
τ(η)2
. 1
τ(0)2
= ∆ϕ(0) and the Green’s function G ≤ 0, we obtain for
every ξ ∈ D(0, r2)
u(ξ)− ϕ(ξ) = −
∫
D( r
2
)
G(ξ, η)∆ϕ(η)dA(η)
.
∆ϕ(0)
4
(
(r/2)2 − |ξ|2
)
=
1
4τ(0)2
(
(r/2)2 − |ξ|2
)
.
This gives
eu(0)−ϕ(0) ≤ eCδ
2
0 .
Therefore
(2.6)
∣∣∣∣∂(fe−h)(0)∂ξ
∣∣∣∣eu(0)−ϕ(0) .
∣∣∣∣∂(fe−h)(0)∂ξ
∣∣∣∣.
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On the other hand, using Cauchy’s estimates, the fact that ϕ− u ≤ 0 and Lemma A, we get∣∣∣∣∂(fe−h)∂ξ (0)
∣∣∣∣ .
∣∣∣∣
∫
|η|=
δ0τ(0)
4
f(η)e−h(η)
η2
dη
∣∣∣∣
.
1
δ20τ(0)
2
∫
|η|=
δ0τ(0)
4
|f(η)|e−ϕ(η)eϕ(η)−u(η) |dη|
.
1
τ(0)2
∫
|η|=
δ0τ(0)
4
(
1
τ(η)2
∫
D(δ0τ(η)/4)
|f(z)|pe−pϕ(z)dA(z)
) 1
p
|dη|.
Finally, using τ(η) ≍ τ(0), we obtain∣∣∣∣∂fe−h∂ξ (0)
∣∣∣∣ . 1τ(0)2
∫
|η|=
δ0τ(0)
4
(
1
τ(0)2
∫
D(δ0τ(0)/2)
|f(z)|pe−pu(z)dA(z)
) 1
p
|dη|
.
1
τ(0)
1+ 2
p
(∫
D(δ0τ(0)/2)
|f(z)|pe−pϕ(z)dA(z)
) 1
p
.
Bearing in mind (2.6) this gives∣∣∣∣∂(fe−h)(0)∂ξ
∣∣∣∣eu(0)−ϕ(0) . 1
τ(0)
1+ 2
p
(∫
D(δ0τ(0)/2)
|f(z)|pe−pϕ(z)dA(z)
) 1
p
.
Putting this and (2.5) into (2.4) we get the result. 
For weights in the class L∗, and points close to the diagonal, one has the following well-known
estimate (see [9, Lemma 3.6] for example)
(2.7) |Kz(ζ)| ≍ ‖Kz‖A2(ω) · ‖Kζ‖A2(ω), ζ ∈ D(δτ(z))
for all δ ∈ (0,mτ ) sufficiently small.
The following lemma on coverings is due to Oleinik, see [10].
Lemma B. Let τ be a positive function in D in the class L, and let δ ∈ (0,mτ ). Then there exists a
sequence of points {zj} ⊂ D, such that the following conditions are satisfied:
(i) zj /∈ D(δτ(zk)), j 6= k.
(ii)
⋃
j D(δτ(zj)) = D.
(iii) D˜(δτ(zj)) ⊂ D(3δτ(zj)), where D˜(δτ(zj)) =
⋃
z∈D(δτ(zj))
D(δτ(z)), j = 1, 2, . . .
(iv)
{
D(3δτ(zj))
}
is a covering of D of finite multiplicity N .
The multiplicity N in the previous Lemma is independent of δ, and it is easy to see that one can
take, for example, N = 256. Any sequence satisfying the conditions in Lemma B will be called
a (δ, τ)-lattice. It is also easy to see that, for a given (δ, τ)- lattice {zj}, and t > 1, the covering
{D(tδτ(zj))} has multiplicity less than Ct2 with C not depending on δ.
Finally we define the class of weights for which we are going to obtain the corresponding atomic
decomposition.
Definition 2.2. A weight ω is in the class E if ω ∈ L∗ and its associated function τ satisfies the
condition
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(E) For each m ≥ 1, there are constants bm > 0 and 0 < tm < 1/m such that
τ(z) ≤ τ(ξ) + tm|z − ξ|, for |z − ξ| > bm τ(ξ).
The prototype of a weight in the class E are the exponential type weights given by (1.1). An
example of a non radial weight in the class E is given by ωp,f(z) = |f(z)|p ω(z), where p > 0, ω is a
radial weight in the class E , and f is a non vanishing analytic function in Ap(ω).
2.1. Reproducing kernels estimates. Since the norm of the point evaluation functional equals the
norm of the reproducing kernel in A2(ω), the result of Lemma A also gives an upper bound for the
norm ‖Kz‖A2(ω). The next result [2, 8, 12] says that (at least for some class of weights) this upper
bound yields the right growth of the reproducing kernel.
Lemma C. Let ω ∈ E . Then
‖Kz‖
2
A2(ω) ω(z) ≍
1
τ(z)2
, z ∈ D.
The following pointwise estimate for the reproducing kernel was obtained in [1].
Theorem A. Let Kz be the reproducing kernel of A2(ω) where ω is a weight in the class E . For each
M ≥ 1, there exists a constant C > 0 (depending on M ) such that for each z, ξ ∈ D one has
|Kz(ξ)| ≤ C
1
τ(z)
1
τ(ξ)
ω(z)−1/2ω(ξ)−1/2
(
min(τ(z), τ(ξ))
|z − ξ|
)M
.
As a consequence, we obtain the following integral type estimate involving reproducing kernels
(the case p = 1 and α = 0 was obtained in [1]).
Lemma 2.2. Let ω ∈ E , and Kz be be the reproducing kernel for A2(ω). For 0 < p <∞ and α ∈ R,
there exists a constant C > 0 such that∫
D
|Kz(ξ)|
p ω(ξ)p/2 τ(ξ)α dA(ξ) ≤ C ω(z)−p/2 τ(z)α−2(p−1).
Proof. For 0 < δ0 ≤ mτ fixed, let
A(z) :=
∫
|z−ξ|≤δ0τ(z)
|Kz(ξ)|
p ω(ξ)p/2 τ(ξ)α dA(ξ)
and
B(z) :=
∫
|z−ξ|>δ0τ(z)
|Kz(ξ)|
p ω(ξ)p/2 τ(ξ)α dA(ξ).
By Lemma C and (2.1),
A(z) ≤
∫
|z−ξ|≤δ0τ(z)
‖Kz‖
p ‖Kξ‖
p ω(ξ)p/2 τ(ξ)α dA(ξ)
≍ τ(z)2+α−p ‖Kz‖
p ≍ ω(z)−p/2 τ(z)α−2(p−1).
(2.8)
On the other hand, by Theorem A with M taken so that Mp > 2 + |α− p|, we have
B(z) .
ω(z)−p/2
τ(z)p
∫
|z−ξ|>δ0τ(z)
1
τ(ξ)p−α
(
min(τ(z), τ(ξ))
|z − ξ|
)Mp
dA(ξ).
If p− α ≥ 0, then
B(z) . ω(z)−p/2 τ(z)Mp−2p+α
∫
|z−ξ|>δ0τ(z)
dA(ξ)
|z − ξ|Mp
.(2.9)
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To estimate the last integral, let
Rk(z) =
{
ξ ∈ D : 2kδ0τ(z) < |z − ξ| ≤ 2
k+1δ0τ(z)
}
, k = 0, 1, 2, . . .
We have ∫
|z−ξ|>δ0τ(z)
dA(ξ)
|z − ξ|Mp
≤
∑
k≥0
∫
Rk(z)
dA(ξ)
|z − ξ|Mp
≍ τ(z)−Mp
∑
k≥0
2−Mpk Area(Rk(z))
≍ τ(z)2−Mp
∑
k≥0
2−k(Mp−2) . τ(z)2−Mp.
Putting this into (2.9) we get
B(z) . ω(z)−p/2 τ(z)α−2(p−1),
which together with (2.8) gives the desired result in that case. If p− α < 0, then we have
B(z) . ω(z)−p/2 τ(z)Mp−p
∫
|z−ξ|>δ0τ(z)
τ(ξ)α−p dA(ξ)
|z − ξ|Mp
.
Using condition (B), it is easy to see that τ(ζ) . 2kτ(z) if ζ ∈ Rk(z). Thus we can estimate the
previous integral as before to get∫
|z−ξ|>δ0τ(z)
τ(ξ)α−p dA(ξ)
|z − ξ|Mp
. τ(z)α+2−p−Mp
∑
k≥0
2−k(Mp+p−α−2) . τ(z)α+2−p−Mp.
Again this gives
B(z) . ω(z)−p/2 τ(z)α−2(p−1).
The proof is complete. 
A consequence of Lemma 2.2 is that
(2.10) ‖Kz‖Ap(ωp/2) ≍ ω(z)−1/2 τ(z)−
2(p−1)
p .
One inequality is Lemma 2.2, and the other follows easily from Lemma C and (2.7).
2.2. Companion weighted Bergman spaces. For the proof of the atomic decomposition in the case
0 < p < 1, we need to consider reproducing kernels K∗z of the Bergman space A2(ω∗), where the
weight ω∗ is of the form
ω∗(z) = ω(z) τ(z)
α, α ≥ 0.
Lemma 2.3. Let ω ∈ L∗, β ∈ R and 0 < p <∞. Then
|f(z)|p ω∗(z)
β ≤
C
δ2τ(z)2
∫
D(δτ(z))
|f(ζ)|p ω∗(ζ)
β dA(ζ),
for all f ∈ H(D) and all δ > 0 sufficiently small.
Proof. This is an immediate consequence of Lemma A and (2.1). Indeed,
|f(z)|p ω∗(z)
β = |f(z)|p ω(z)β τ(z)αβ . τ(z)αβ−2
∫
D(δτ(z))
|f(ζ)|p ω(ζ)β dA(ζ)
≍
1
τ(z)2
∫
D(δτ(z))
|f(ζ)|p ω∗(ζ)
β dA(ζ).
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
Since ‖K∗z‖A2(ω∗) coincides with the norm of the point evaluation functional in A2(ω∗) at the point
z, as a consequence of the previous lemma, we have the estimate
(2.11) ‖K∗z‖2A2(ω∗) ω∗(z) . τ(z)−2, z ∈ D.
We need the following result [1, Proposition 4.5] on estimates of the solutions of the ∂- equation.
Proposition A. Let ω ∈ E and consider the associated weight
ω∗(z) = ω(z) τ(z)
α, α ∈ R.
There is a solution u of the equation ∂u = f satisfying∫
D
|u(z)|2 ω∗(z) dA(z) ≤ C
∫
D
|f(z)|2 ω∗(z) τ(z)
2 dA(z).
We also need the analogue of Theorem A for the reproducing kernels K∗z . The result can be found
also in [1].
Lemma D. Let ω ∈ E and K∗z be the reproducing kernel of A2(ω∗) where ω∗ is the associated weight.
For each M ≥ 1, there exists a constant C > 0 (depending on M ) such that for each z, ξ ∈ D one
has
|K∗z (ξ)| ≤ C
1
τ(z)
1
τ(ξ)
ω∗(z)
−1/2ω∗(ξ)
−1/2
(
min(τ(z), τ(ξ))
|z − ξ|
)M
.
As a consequence, we obtain the following integral estimate involving the reproducing kernels K∗z .
The result is deduced from Lemma D in the same way as we proved Lemma 2.2 using Theorem A,
and therefore the proof is omitted here.
Corollary 2.4. Let ω ∈ E , and K∗z be be the reproducing kernel for A2(ω∗). For 0 < p < ∞ and
β ∈ R, there exists a constant C > 0 such that∫
D
|K∗z (ξ)|
p ω∗(ξ)
p/2 τ(ξ)β dA(ξ) ≤ C ω∗(z)
−p/2 τ(z)β−2(p−1).
2.3. Bounded projections and the reproducing formula. In [1] we proved that the Bergman pro-
jection Pω is bounded on Lp(ωp/2) for p ≥ 1. Here we must show that the associated Bergman
projection Pω∗,α given by
Pω∗,αf(z) =
∫
D
f(ζ)K∗z (ζ)ω∗,α(ζ) dA(ζ)
is bounded on Lp(ω∗,γ) for all α, γ ∈ R. Recall that, given a weight v, the growth space L∞(v)
consists of those measurable functions f on D such that
‖f‖L∞(v) := ess sup
z∈D
|f(z)| v(z) <∞,
and A∞(v) is the space of all analytic functions in L∞(v).
Proposition 2.5. Let ω ∈ E and 1 ≤ p < ∞. Then Pω∗,α is bounded on Lp(ω
p/2
∗,γ ) for all α, γ ∈ R.
Moreover, Pω∗,α is also bounded on L∞(ω
1/2
∗,γ ).
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Proof. Let 1 < p < ∞ and f ∈ Lp(ωp/2∗,γ ). By Ho¨lder’s inequality and Corollary 2.4 with β = 0, we
have
|Pω∗,αf(z)|
p ≤
(∫
D
|f(ζ)|p |K∗z (ζ)|ω∗,α(ζ)
p+1
2 dA(ζ)
)(∫
D
|K∗z (ζ)|ω∗,α(ζ)
1/2 dA(ζ)
)p−1
.
(∫
D
|f(ζ)|p |K∗z (ζ)|ω∗,α(ζ)
p+1
2 dA(ζ)
)
ω∗,α(z)
−
(p−1)
2 .
This together with Fubini’s theorem gives
‖Pω∗,αf‖
p
Ap(ω
p/2
∗,γ )
.
∫
D
|f(ζ)|p ω∗,α(ζ)
p+1
2
(∫
D
|K∗ζ (z)|ω∗,α(z)
−
(p−1)
2 ω∗,γ(z)
p/2dA(z)
)
dA(ζ).
Since
ω∗,α(z)
−
(p−1)
2 ω∗,γ(z)
p/2 = ω∗,α(z)
1/2 τ(z)
p
2
(γ−α),
another application of Corollary 2.4, now with β = p2(γ − α), yields∫
D
|K∗ζ (z)|ω∗,α(z)
− (p−1)
2 ω∗,γ(z)
p/2dA(z) . ω∗,α(ζ)
−1/2 τ(ζ)
p
2
(γ−α).
Hence
‖Pω∗,αf‖
p
Ap(ω
p/2
∗,γ )
.
∫
D
|f(ζ)|p ω∗,α(ζ)
p/2 τ(ζ)
p
2
(γ−α)dA(ζ) = ‖f‖p
Ap(ω
p/2
∗,γ )
.
The endpoint cases p = 1 and p =∞ are handled in a similar manner. The proof is complete. 
Theorem 2.6. Let ω ∈ E , and let ω∗ be the associated weight given by ω∗(z) = ω(z) τ(z)α, α ∈ R.
For each f ∈ A1(ω1/2∗ ), one has the reproducing formula f = Pω∗f .
Proof. Let f ∈ A1(ω1/2∗ ). We begin by constructing functions fn ∈ A2(ω∗) with ‖fn‖A1(ω1/2∗ ) .
‖f‖
A1(ω
1/2
∗ )
such that fn → f uniformly on compact subsets of D.
Let rn := 1− 1/n, and consider a sequence of C∞ functions χn with compact support on D such
that χn(z) = 1 for |z| ≤ 1− 1/n, and |∂χn| . n. For each n, consider the analytic functions
fn = Pv∗(fχn),
where v∗ is the associated weight given by
v∗(z) = ω∗(z) τ(z)
2.
Since the functions fχn ∈ L2(ω∗) and, by Proposition 2.5, the projection Pv∗ is bounded onLp(ωp/2∗ ),
1 ≤ p <∞, then fn ∈ A2(ω∗), and
‖fn‖A1(ω1/2∗ )
= ‖Pv∗(fχn)‖A1(ω1/2∗ )
. ‖fχn‖L1(ω1/2∗ )
≤ ‖f‖
A1(ω
1/2
∗ )
.
Thus, it remains to see that fn → f uniformly on compact subsets of D. Since |f − fn| ≤ |f −
fχn|+ |fχn − fn|, and, clearly, fχn → f uniformly on compact subsets of D, it is enough to prove
that un → 0 uniformly on compact subsets of D, with un = fχn − Pv∗(fχn).
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Fix 0 < R < 1 and let z ∈ D with |z| ≤ R. For n big enough, the function un is analytic in a
neighborhood of the disc D(δ0τ(z)), with δ0 ∈ (0,mτ ). Hence, by Lemma 2.3,
τ(z)4 |un(z)|
2 ω∗(z) . τ(z)
2
∫
D(δ0τ(z))
|un(ζ)|
2 ω∗(ζ) dA(ζ)
.
∫
D(δ0τ(z))
|un(ζ)|
2 ω∗(ζ) τ(ζ)
2 dA(ζ)
≤
∫
D
|un(ζ)|
2 v∗(ζ) dA(ζ)
(2.12)
Since un is the solution of the ∂-equation ∂v = f∂χn with minimal L2(v∗) norm, by Proposition
A, we have ∫
D
|un(ζ)|
2 v∗(ζ) dA(ζ) ≤ C
∫
D
|f∂χn(ζ)|
2 v∗(ζ) τ(ζ)
2 dA(ζ).
Since ∂χn is supported on rn < |ζ| < 1 with |∂χn| . n, we get∫
D
|un(ζ)|
2 v∗(ζ) dA(ζ) ≤ Cn
2
∫
|ζ|>rn
|f(ζ)|2 ω∗(ζ) τ(ζ)
4 dA(z).
By Lemma 2.3, we have the pointwise estimate
|f(ζ)|ω∗(ζ)
1/2 τ(ζ)2 . ‖f‖
A1(ω
1/2
∗ )
.
This together with τ(ζ) . (1− |ζ|) ≤ 1/n for |ζ| > rn, yields∫
D
|un(ζ)|
2 v∗(ζ) dA(ζ) ≤ C
∫
|ζ|>rn
|f(ζ)|2 ω∗(ζ) τ(ζ)
2dA(z)
≤ C‖f‖
A1(ω
1/2
∗ )
∫
|ζ|>rn
|f(ζ)|ω∗(ζ)
1/2 dA(z),
and this goes to zero as n→∞ since f ∈ A1(ω1/2∗ ). Bearing in mind (2.12), this implies that un → 0
uniformly on compact subsets of D.
With he help of the constructed functions fn we are ready to prove the reproducing formula. Note
that
|f(z)− Pω∗f(z)| ≤ |f(z)− fn(z)|+ |fn(z)− Pω∗f(z)|.
Clearly, the first term goes to zero as n→∞. For the second term, since fn ∈ A2(ω∗), the reproduc-
ing formula fn = Pω∗fn holds, and therefore
|fn(z)− Pω∗f(z)| = |Pω∗(fn − f)(z)| ≤
∫
D
|fn(ξ)− f(ξ)| |K
∗
z (ξ)|ω∗(ξ) dA(ξ).
Fix 0 < δ < mτ and split the previous integral in two parts: one integrating over the disk D(δτ(z)),
and the other over D \D(δτ(z)). For the first one, using |K∗z (ξ)| ≤ ‖K∗z ‖A2(ω∗)‖K∗ξ ‖A2(ω∗) and the
estimate (2.11), we have∫
D(δτ(z))
|fn(ξ)− f(ξ)| |K
∗
z (ξ)|ω∗(ξ) dA(ξ)
.
‖K∗z ‖A2(ω∗)
τ(z)
∫
D(δτ(z))
|fn(ξ)− f(ξ)|ω∗(ξ)
1/2 dA(ξ)
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and this goes to zero as n → ∞ since D(δτ(z)) ⊂ D and fn → f uniformly on compact subsets
of D. On the other hand, if ξ /∈ D(δτ(z)), then we apply the estimate for the reproducing kernel in
Lemma D with M = 3 to get
|K∗z (ξ)| .
‖K∗z ‖A2(ω∗)
ω∗(ξ)1/2 τ(ξ)
(
min(τ(z), τ(ξ))
|z − ξ|
)M
.
‖K∗z ‖A2(ω∗)
ω∗(ξ)1/2
τ(ξ)2
τ(z)3
.
Therefore, we obtain∫
D\D(z,δτ(z))
|fn(ξ)− f(ξ)| |K
∗
z (ξ)|ω∗(ξ) dA(ξ)
.
‖K∗z‖A2(ω∗)
τ(z)3
∫
D
|fn(ξ)− f(ξ)|ω∗(ξ)
1/2 τ(ξ)2 dA(ξ) = I1,n + I2,n,
with
I1,n =
‖K∗z ‖A2(ω∗)
τ(z)3
∫
|ξ|≤R
|fn(ξ)− f(ξ)|ω∗(ξ)
1/2 τ(ξ)2 dA(ξ)
and
I2,n =
‖K∗z ‖A2(ω∗)
τ(z)3
∫
R<|ξ|<1
|fn(ξ)− f(ξ)|ω∗(ξ)
1/2 τ(ξ)2 dA(ξ).
By Lemma 2.3 and ‖fn‖A1(ω1/2∗ ) . ‖f‖A1(ω1/2∗ ) it follows that
|fn(ξ)− f(ξ)|ω∗(ξ)
1/2 τ(ξ)2 . ‖f‖
A1(ω
1/2
∗ )
,
and therefore
I2,n .
‖K∗z ‖A2(ω∗)
τ(z)3
‖f‖
A1(ω
1/2
∗ )
∫
R<|ξ|<1
dA(ξ).
By taking 0 < R < 1 enough close to 1 we can make the last expression as small as desired. Once R
is taken, then I1,n → 0 since fn converges to f uniformly on compact subsets of D. This shows that
f(z) = Pω∗f(z) completing the proof of the theorem. 
3. ATOMIC DECOMPOSITION FOR p > 1
Proposition 3.1. Let ω ∈ E , 0 < p <∞ and, for δ ∈ (0,mτ ), let {zk} be a (δ, τ)-lattice on D. The
function given by
F (z) :=
∞∑
k=0
λk ω(zk)
1/2 τ(zk)
2(p−1
p
)Kzk(z)
belongs to Ap(ωp/2) for every sequence λ = {λk} ∈ ℓp . Moreover, ‖F‖Ap(ωp/2) . ‖λ‖ℓp .
Proof. We left as an exercise for the reader to check that the partial sums defining F converges uni-
formly on compact subsets of D showing that F defines an analytic function on D. For 0 < p ≤ 1,
using Lemma 2.2 we get
‖F‖p
Ap(ωp/2)
.
∞∑
k=0
|λk|
p ω(zk)
p/2 τ(zk)
2(p−1) ‖Kzk‖
p
Ap(ωp/2)
.
∞∑
k=0
|λk|
p.
For the case p > 1, let
M(z) :=
∞∑
k=0
τ(zk)
2 ω(zk)
1/2 |Kzk(z)|.
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By Ho¨lder’s inequality we have
‖F‖p
Ap(ωp/2)
≤
∫
D
(
∞∑
k=0
|λk|ω(zk)
1/2 τ(zk)
2(p−1
p
) |Kzk(z)|
)p
ω(z)p/2 dA(z)
.
∫
D
( ∞∑
k=0
|λk|
p ω(zk)
1/2 |Kzk(z)|
)
M(z)p−1 ω(z)p/2 dA(z).
On the other hand, using Lemma A, the lattice properties and Lemma 2.2 we have
M(z) .
∞∑
k=0
∫
D(δτ(zk))
|Kz(ξ)|ω(ξ)
1/2 dA(ξ)
.
∫
D
|Kz(ξ)|ω(ξ)
1/2 dA(ξ) . ω(z)−1/2.
Therefore, applying Lemma 2.2 again we obtain
‖F‖p
Ap(ωp/2)
.
∫
D
(
∞∑
k=0
|λk|
p ω(zk)
1/2 |Kzk(z)|
)
ω(z)1/2 dA(z)
.
∞∑
k=0
|λk|
p ω(zk)
1/2
∫
D
|Kzk(z)|ω(z)
1/2 dA(z)
.
∞∑
k=0
|λk|
p.

Lemma 3.2. Let ω ∈ E . There is ε0 > 0 such that if {zn} is an (ε, τ)-lattice on D, with 0 < ε < ε0,
then ∑
n
|f(zn)|
p ω(zn)
p/2 τ(zn)
2 & ‖f‖p
Ap(ωp/2)
,
for all f ∈ Ap(ωp/2) and p > 0.
Proof. Let {zn} be an (ε, τ)-lattice on D with ε > 0 small enough to be specified later. Let f ∈
Ap(ωp/2) and consider
If (n) :=
∑
n
|f(zn)|
p ω(zn)
p/2 τ(zn)
2.
We have
‖f‖p
Ap(ωp/2)
=
∫
D
|f(z)|p ω(z)p/2 dA(z)
≤ C
[∑
n
∫
D(ετ(zn))
(
|f(z)|ω(z)1/2 − |f(zn)|ω(zn)
1/2
)p
dA(z) + Cε2If (n)
]
.
For z ∈ D(ετ(zn)), there exists ξn,z ∈ [z, zn] such that(
|f(z)|ω(z)1/2 − |f(zn)|ω(zn)
1/2
)p
≤
∣∣∇(|f |ω1/2)(ξn,z)∣∣p|z − zn|p
≤ εp τ(zn)
p
∣∣∇(|f |ω1/2)(ξn,z)∣∣p.
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This together with Lemma 2.1, with δ0 ∈ (0,mτ ) fixed, yields∫
D(ετ(zn))
(
|f(z)|ω(z)1/2 − |f(zn)|ω(zn)
1/2
)p
dA(z)
≤ C εp τ(zn)
p
∫
D(ετ(zn))
(
1
τ(ξn,z)p+2
∫
D(δ0τ(ξn,z))
|f(η)|p ω(η)p/2 dA(η)
)
dA(z).
Using that τ(ξn,z) ≍ τ(zn) and D(δ0τ(ξn,z)) ⊂ D(3δ0τ(zn)) for z ∈ D(ετ(zn)), we obtain∫
D(ετ(zn))
(
|f(z)|ω(z)1/2 − |f(zn)|ω(zn)
1/2
)p
dA(z)
≤ C εp+2
(∫
D(3δ0τ(zn))
|f(η)|p ω(η)p/2 dA(η)
)
.
Therefore,
‖f‖p
Ap(ωp/2)
≤ C εp+2
∑
n
∫
D(3δ0τ(zn))
|f(η)|pω(η)
p
2 dA(η) + Cε2 If (n).
By the remark after Lemma B, every point z ∈ D belongs to at most Cε−2 of the sets D(3δ0τ(zn)),
and therefore
‖f‖p
Ap(ωp/2)
≤ Cεp‖f‖p
Ap(ωp/2)
+ C ε2 If (n).
Thus, taking ε > 0 so that Cεp < 1/2, we get the desired result. 
Just note that, what actually Lemma 3.2 says, is that an (ε, τ)-lattice with ε > 0 small enough, is
a sampling sequence for the Bergman space Ap(ωp/2). Recall that {zn} ⊂ D is a sampling sequence
for the Bergman space Ap(ωp/2) if
‖f‖p
Ap(ωp/2)
≍
∑
n
|f(zn)|
p ω(zn)
p/2 τ(zn)
2
for any f ∈ Ap(ωp/2). Just note that Lemma 3.2 gives one inequality, and the other follows by
standard methods using Lemma A and the lattice properties. Sampling sequences on the classical
Bergman space were characterized by K. Seip [15] (see also the monographs [5] and [16]). For sam-
pling sequences on large weighted Bergman spaces we refer to [2].
Now we are ready to prove the result on the atomic decomposition of large weighted Bergman
spaces in the case that p > 1, result that is reformulated next. Recall that kp,z are the normalized
reproducing kernels in Ap(ωp/2).
Theorem 3.3. Let ω ∈ E and 1 < p <∞. There exists a sequence {zn} ⊂ D such that:
(i) For any λ = {λn} ∈ ℓp, the function
f(z) =
∑
n
λn kp,zn(z)
is in Ap(ωp/2) with ‖f‖Ap(ωp/2) ≤ C‖λ‖ℓp .
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(ii) For every f ∈ Ap(ωp/2) exists λ = {λn} ∈ ℓp such that
f(z) =
∑
n
λn kp,zn(z)
and ‖λ‖ℓp ≤ C ‖f‖Ap(ωp/2).
Proof. Due to (2.10), part (i) is just Proposition 3.1. In order to prove (ii), we define a linear operator
S : ℓp → Ap(ωp/2) given by
S({λn}) :=
∑
n
λn kp,zn .
By (i), the operator S is bounded. Under the integral pairing 〈 , 〉ω , the dual space of Ap(ωp/2) can be
identified with Ap′(ωp′/2), where p′ is the conjugate exponent of p (see [1]). Thus, he adjoint operator
S∗ : Ap
′
(ωp
′/2)→ ℓp
′ is defined by
〈Sx, f〉ω = 〈x, S
∗f〉ℓ =
∑
n
xn (S∗f)n.
for every x ∈ ℓp and f ∈ Ap′(ωp′/2). To compute S∗, let en denote the vector that equals 1 at the
n-th coordinate and equals 0 at the other coordinates. Then Sen = kp,zn , and using the reproducing
formula we get
(S∗f)n = 〈en, S
∗f〉ℓ = 〈Sen, f〉ω = 〈kp,zn , f〉ω
= ‖Kzn‖
−1
Ap(ωp/2)
· 〈Kzn , f〉ω =
f(zn)
‖Kzn‖Ap(ωp/2)
.
Hence, S∗ : Ap′(ωp′/2) −→ ℓp′ is given by
S∗f = {(S∗f)n} =
{
f(zn)
‖Kzn‖Ap(ωp/2)
}
n
.
We must prove that S is surjective in order to finish the proof of this case. By a classical re-
sult in functional analysis, it is enough to show that S∗ is bounded below. By Lemma 3.2 and
‖Kzn‖
−p′
Ap′ (ωp
′/2)
≍ ω(zn)
p′/2 τ(zn)
2 we obtain
‖S∗f‖p
′
ℓp′
≍
∑
n
|f(zn)|
p′ ω(zn)
p′/2 τ(zn)
2 & ‖f‖p
′
Ap′ (ωp
′/2)
,
which shows that S∗ is bounded below. Finally, once the surjectivity is proved, the estimate ‖λ‖ℓp ≤
C ‖f‖Ap(ωp/2) is an standard application of the open mapping theorem. The proof is complete. 
4. ATOMIC DECOMPOSITION FOR 0 < p ≤ 1
If ω is a weight we use the associated weight ω∗ defined as
(4.1) ω∗(z) = ω(z) τ(z)
4(1−p)
p , z ∈ D.
Lemma 4.1. Let ω ∈ L∗, and 0 < p ≤ 1. Then Ap(ωp/2) ⊂ A1(ω1/2∗ ) with
‖f‖
A1(ω
1/2
∗ )
. ‖f‖Ap(ωp/2).
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Proof. Let f ∈ Ap(ω p2 ). By Lemma A we have the pointwise estimate
|f(z)|ω(z)1/2 . τ(z)−2/p ‖f‖Ap(ωp/2).
Then, we have
‖f‖
A1(ω
1/2
∗ )
=
∫
D
|f(z)|p ·
(
|f(z)|ω(z)1/2
)1−p
ω(z)p/2 τ(z)2(1−p)/p dA(z)
. ‖f‖1−p
Ap(ωp/2)
∫
D
|f(z)|p ω(z)p/2 dA(z) = ‖f‖Ap(ωp/2).

Lemma 4.2. Let τ ∈ L and {zn} be a (δ, τ)-lattice on D with δ ∈ (0,mτ ). For each n there exists a
measurable set Dn satisfying the following conditions:
(i) D( δ4τ(zn)) ⊂ Dn ⊂ D(δτ(zn)) for every n ≥ 1.(ii) Dk ∩Dj = ∅ for k 6= j.
(iii) D = ⋃n≥1Dn.
Proof. This is proved in the same way as in Lemma 2.28 of [17] . We omit the details here. 
Lemma 4.3. Let 0 < p ≤ 1 and f ∈ Ap(ωp/2). For δ ∈ (0,mτ ) let {zn} be an (δ, τ)-lattice on D.
Then the sequence λ = {λn} defined by
λn =
∫
D(δτ(zn))
|f(z)|ω∗(z)
1/2 dA(z)
belongs to ℓp with ‖b‖ℓp . ‖f‖Ap(ωp/2).
Proof. By Lemma A we have
‖b‖ℓp ≤
∑
n
(∫
D(δτ(zn))
|f(z)|ω∗(z)
1/2 dA(z)
)p
.
∑
n
(∫
D(δτ(zn))
1
τ(z)2
(∫
D(δτ(z))
|f(ξ)|p ω(ξ)p/2 dA(ξ)
)1/p
dA(z)
)p
.
Using the properties of being a (δ, τ)-lattice and (2.1) we get
‖b‖ℓp .
∑
n
∫
D(3δτ(zn)))
|f(ξ)|p ω(ξ)p dA(ξ) . ‖f‖Ap(ωp/2).

Now we are ready for the proof of the atomic decomposition result for 0 < p ≤ 1 that, for
convenience, is reformulated below.
Theorem 4.4. Let ω ∈ E and 0 < p ≤ 1. There exists a sequence {zn} ⊂ D such that:
(i) For any λ = {λn} ∈ ℓp, the function
f(z) =
∑
n
λn ω(zn)
1/2 τ(zn)
2(1−p)
p K∗zn(z)
is in Ap(ωp/2) with ‖f‖Ap(ωp/2) ≤ C‖λ‖ℓp .
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(ii) For every f ∈ Ap(ωp/2) exists λ = {λn} ∈ ℓp such that
f(z) =
∑
n
λn ω(zn)
1/2 τ(zn)
2(1−p)
p K∗zn(z)
and ‖λ‖ℓp ≤ C ‖f‖Ap(ωp/2).
Here K∗z denotes the reproducing kernel of A2(ω∗) with ω∗(z) = ω(z) τ(z)
4(1−p)
p
.
Proof. It is easy to see that f defines an analytic function on D. Also, since 0 < p ≤ 1, applying
Corollary 2.4 we have
‖f‖p
Ap(ωp/2)
≤
∑
n
|λn|
p ω(zn)
p/2 τ(zn)
2(1−p) ‖K∗zn‖
p
Ap(ωp/2)
≤ C‖λ‖pℓp .
This proves (i). In order to prove (ii), for 0 < δ0 < mτ fixed, let {aj} be a (δ0, τ)-lattice on D,
and for ε > 0 sufficiently small to be specified later, consider another sequence {zn} being now an
(εδ0, τ)-lattice. Let {Fn} be the measurable sets associated with the (εδ0, τ)- lattice {zn} given by
Lemma 4.2. Consider the linear operator T given by
Tf(z) =
∑
n
bn ω(zn)
1/2 τ(zn)
2(1−p)
p K∗zn(z),
where
bn =
∫
Fn
f(ξ)ω∗(ξ)
1/2 dA(ξ).
Since Fn ⊂ D(εδ0τ(zn)), by Lemma 4.3 and part (i), the operator T is bounded on Ap(ωp/2). Since
Ap(ωp/2) ⊂ A1(ω
1/2
∗ ), by the reproducing formula for A1(ω1/2∗ ), for every f ∈ Ap(ω
p
2 ) we have
f(z) =
∫
D
f(ξ)K∗z (ξ)ω∗(ξ) dA(ξ) =
∞∑
n=0
∫
Fn
f(ξ)K∗z (ξ)ω∗(ξ) dA(ξ)
=
∞∑
j=0
∑
zn∈Dj
∫
Fn
f(ξ)K∗z (ξ)ω∗(ξ) dA(ξ)
=
∞∑
j=0
∑
zn∈Dj
∫
Fn
f(ξ)K∗z (ξ)ω∗(ξ)
1/2 ω(ξ)1/2τ(ξ)
2(1−p)
p dA(ξ),
where {Dj} are the sets obtained from Lemma 4.2 associated with the (δ0, τ)-lattice {aj}. On the
other hand,
Tf(z) =
∞∑
j=0
∑
zn∈Dj
bn ω(zn)
1
2 τ(zn)
2(1−p)
p K∗zn(z)
=
∞∑
j=0
∑
zn∈Dj
(∫
Fn
f(ξ)ω∗(ξ)
1/2 dA(ξ)
)
ω(zn)
1
2 τ(zn)
2(1−p)
p K∗zn(z).
Then
f(z)− Tf(z)
=
∞∑
j=0
∑
zn∈Dj
∫
Fn
f(ξ)ω∗(ξ)
1/2
(
K∗z (ζ)ω∗(ξ)
1/2 −K∗z (zn)ω∗(zn)
1/2
)
dA(ξ).
(4.2)
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Note that, with α = 2(1 − p)/p,∣∣K∗z (ξ)ω∗(ξ)1/2 −K∗z (zn)ω∗(zn)1/2∣∣ ≤ ∣∣K∗z (zn)∣∣ω(zn)1/2 · ∣∣τ(ξ)α − τ(zn)α∣∣
+ |τ(ξ)|α
∣∣K∗z (ξ)ω(ξ)1/2 −K∗z (zn)ω(zn)1/2∣∣.
(4.3)
Apply the inequality ∣∣xα − yα∣∣ ≤ αmax(xα−1, yα−1) |x− y|
together with (2.1) and the Lipschitz condition (B) to get that, for ξ ∈ Fn ⊂ D(εδ0τ(zn)),
|τ(ξ)α − τ(zn)
α
∣∣ ≤ Cτ(zn)α−1|τ(ξ)− τ(zn)| ≤ Cτ(zn)α−1|ξ − zn| ≤ C ε τ(zn)α.
This and Lemma A gives
(4.4)
∣∣K∗z (zn)∣∣ω(zn)1/2 ∣∣τ(ξ)α − τ(zn)α∣∣ ≤ C ετ(zn)2
(∫
D(δ0τ(zn))
|K∗z (s)|
p ω(s)p/2 dA(s)
)1/p
.
On the other hand, for ξ ∈ Fn, there exists γξ,n ∈ [ξ, zn] such that∣∣K∗z (ξ)ω(ξ)1/2 −K∗z (zn)ω(zn)1/2∣∣ ≤ ∣∣∣∇(K∗zω1/2)(γξ,n)∣∣∣ · |ξ − zn|.
By applying Lemma 2.1 and τ(γξ,n) ≍ τ(zn), since γξ,n ∈ D(εδ0τ(zn)), we have
∣∣K∗z (ξ)ω(ξ) 12 −K∗z (zn)ω(zn) 12 ∣∣ ≤ C ε
τ(zn)
2
p
(∫
D(δ0τ(zn))
|K∗z (s)|
pω(s)
p
2 dA(s)
) 1
p
.
Therefore, by (2.1),
|τ(ξ)|α |K∗z (ξ)ω(ξ)
1/2 −K∗z (zn)ω(zn)
1/2|
≤
C ε
τ(zn)2
(∫
D(δ0τ(zn))
|K∗z (s)|
p ω(s)p/2 dA(s)
)1/p
.
(4.5)
Putting (4.4) and (4.5) into (4.3) we see that
∣∣K∗z (ξ)ω∗(ξ)1/2 −K∗z (zn)ω∗(zn)1/2∣∣ ≤ C ετ(zn)2
(∫
D(δ0τ(zn))
|K∗z (s)|
p ω(s)p/2 dA(s)
)1/p
.
Bearing in mind (4.2), we have shown that
|f(z)− Tf(z)| ≤ C ε
∑
j
∑
zn∈Dj
1
τ(zn)2
(∫
D(δ0τ(zn))
|K∗z (s)|
p ω(s)p/2 dA(s)
)1/p
×
∫
Fn
|f(ξ)|ω∗(ξ)
1/2 dA(ξ).
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Since zn ∈ Dj ⊂ D(δ0τ(aj), using (2.1) is straightforward to see that D(δ0τ(zn)) ⊂ D(3δ0τ(aj))
and Lemma 4.2 we get
|f(z)− Tf(z)| ≤ Cε
∑
j
1
τ(aj)2
(∫
D(3δ0τ(aj))
|K∗z (s)|
p ω(s)p/2 dA(s)
)1/p
×
∑
zn∈Dj
∫
Fn
|f(ξ)|ω∗(ξ)
1/2 dA(ξ)
≤ Cε
∑
j
1
τ(aj)2
(∫
D(3δ0τ(aj))
|K∗z (s)|
p ω(s)p/2 dA(s)
)1/p
×
∫
⋃
zn∈Dj
Fn
|f(ξ)|ω∗(ξ)
1/2 dA(ξ).
Since, for any 0 < ε < 1/4, one has
⋃
zn∈Dj
Fn ⊂
⋃
zn∈Dj
D(εδ0τ(zn)) ⊂ D
(3
2
δ0τ(aj)
)
,
it follows that
|f(z)− Tf(z)| ≤ C ε
∑
j
1
τ(aj)2
(∫
D(3δ0τ(aj ))
|K∗z (s)|
p ω(s)p/2dA(s)
)1/p
×
∫
D( 3
2
δ0τ(aj ))
|f(ξ)|ω∗(ξ)
1/2 dA(ξ).
Because 0 < p ≤ 1 we get
|f(z)− Tf(z)|p ≤ C εp
∑
j
1
τ(aj)2p
∫
D(3δ0τ(aj))
|K∗z (s)|
p ω(s)p/2 dA(s)
×
(∫
D( 3
2
δ0τ(aj))
|f(ξ)|ω∗(ξ)
1/2 dA(ξ)
)p
.
Therefore, denoting
K(j) =
∫
D
(∫
D(3δ0τ(aj))
|K∗z (s)|
p ω(s)p/2 dA(s)
)
ω(z)p/2 dA(z),
we have proved that∫
D
|f(z)−Tf(z)|p ω(z)p/2 dA(z)
≤ C εp
∑
j
1
τ(aj)2p
(∫
D( 3
2
δ0τ(aj))
|f(ξ)|ω∗(ξ)
1/2 dA(ξ)
)p
K(j).
(4.6)
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Now, we are going to estimate K(j). By Fubini’s theorem, Corollary 2.4 and (2.1), we obtain
K(j) =
∫
D(3δ0τ(aj ))
(∫
D
|K∗s (z)|
p ω(z)p/2 dA(z)
)
ω(s)p/2 dA(s)
=
∫
D(3δ0τ(aj ))
(∫
D
|K∗s (z)|
pω∗(z)
p/2 τ(z)2(p−1) dA(z)
)
ω(s)p/2 dA(s)
≤ C τ(aj)
2p.
Putting this into (4.6),
‖f − Tf‖p
Ap(ωp/2)
≤ C εp
∑
j
(∫
D( 3
2
δ0τ(aj))
|f(ξ)|ω∗(ξ)
1/2 dA(ξ)
)p
≤ C εp
∑
j
τ(aj)
2(1−p)
(∫
D( 3
2
δ0τ(aj))
|f(ξ)|ω(ξ)1/2 dA(ξ)
)p
.
(4.7)
Using Lemma A and (2.1) again we get(∫
D( 3
2
δ0τ(aj))
|f(ξ)|ω(ξ)1/2 dA(ξ)
)p
≤ C ·
(∫
D( 3
2
δ0τ(aj ))
(
1
τ(ξ)2
∫
D( 1
2
δ0τ(ξ))
|f(s)|p ω(s)p/2 dA(s)
)1/p
dA(ξ)
)p
≤ C τ(aj)
−2(1−p)
∫
D(3δ0τ(aj ))
|f(s)|p ω(s)
p
2 dA(s).
Bearing in mind (4.7) and the finite multiplicity of the covering, we finally obtain
‖f−Tf‖p
Ap(ωp/2)
≤ C εp
∑
j
∫
D(3δ0τ(aj))
|f(s)|p ω(s)p/2 dA(s) ≤ C εp‖f‖p
Ap(ωp/2)
.
Taking 0 < ε < 1/4 small enough so that Cεp < 1/2, then the operator I − T acting on Ap(ωp/2)
has norm less than 1, where I is the identity operator. In this case, it follows from standard functional
analysis that the operator T is invertible on Ap(ωp/2). Therefore, f = T (T−1f) for every f ∈
Ap(ωp/2), that is, it admits a representation
f(z) =
∑
n
λn ω(zn)
1/2 τ(zn)
2(1−p)
p K∗zn(z),
with λ = {λn} given by
λn =
∫
Fn
g(ξ)ω∗(ξ)
1/2 dA(ξ)
and g = T−1f . By Lemma 4.3, it follows that λ ∈ ℓp with
‖λ‖ℓp ≤ C‖g‖Ap(ωp/2) ≤ C‖f‖Ap(ωp/2).
This finishes the proof. 
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4.1. An application. Next we are going to use the atomic decomposition result just proved in order
to identify the dual space of Ap(ωp/2) when 0 < p < 1.
Theorem 4.5. Let ω ∈ E and 0 < p ≤ 1. Under the integral pairing 〈f, g〉ω , the dual space of
Ap(ωp/2) can be identified (with equivalent norms) with A∞(v), where v(z) = ω(z)1/2 τ(z)− 2(1−p)p .
Proof. If g ∈ A∞(v), using Lemma 4.1, it is straightforward to see that Λg(f) = 〈f, g〉ω defines a
bounded linear functional on Ap(ωp/2) with ‖Λg‖ . ‖g‖A∞(v).
Conversely, let Λ ∈
(
Ap(ωp/2)
)∗
. In particular, Λ is a bounded linear functional in A2(ω), and
hence, there exists a unique function g ∈ A2(ω) with Λ(f) = 〈f, g〉ω whenever f is in A2(ω). Then
g(z) = 〈g,Kz〉ω = Λ(Kz), and by Lemma 2.2 we get
|g(z)| = |Λ(Kz)‖ ≤ ‖Λ‖ · ‖Kz‖Ap(ωp/2) . ‖Λ‖ω(z)
−1/2 τ(z)
2(1−p)
p ,
which shows that g actually belongs to A∞(v) with ‖g‖A∞(v) . ‖Λ‖. It remains to see that the
identity Λ(f) = 〈f, g〉ω extends to all f ∈ Ap(ωp/2). By the atomic decomposition result in Theorem
1.2, there exists a sequence {zn} ⊂ D such that any f ∈ Ap(ωp/2) has the form
f =
∑
n
λn ω(zn)
1/2 τ(zn)
2(1−p)
p K∗zn
for some sequence λ = {λn} ∈ ℓp, with convergence of the series in Ap(ωp/2). Here, K∗z is the
reproducing kernel of the associated weighted Bergman space A2(ω∗) with ω∗(z) = ω(z) τ(z)
4(1−p)
p
.
Since, by Corollary 2.4, the reproducing kernel K∗zn is in A
2(ω), we have
Λ(f) =
∑
n
λn ω(zn)
1/2 τ(zn)
2(1−p)
p Λ(K∗zn)
=
∑
n
λn ω(zn)
1/2 τ(zn)
2(1−p)
p 〈K∗zn , g〉ω = 〈f, g〉ω .
This finishes the proof. 
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